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Abstract 
Qiu, Y. and X.F. Jia, The maximum size of graphs satisfying a degree condition, Discrete 
Mathematics 104 (1992) 201-204. 
Let G be a simple graph of order n without isolated vertices. If the integer h satisfies 
ha max 
“E”(G) UZ!T.&, (deg, n) i 
then G is called an Sj(h)-graph. In this note the maximum size of Sri(h)--graphs is determined. 
A result of Krol and Veldman on critically h-connected graphs follows as a corollary. 
All of our graphs are simple. The order of a graph G is the number of vertices, 
IV(G)/, and the size of G is the number of edges, IE(G)I. A graph in a family of 
graphs is maximum iff no other graph in the family has more edges. If 
0 # M c V(G) then the subgraph of G induced by M is denoted by (M). 
A graph G is critically h-connected iff G is h-connected and for each u E V(G) 
the subgraph G - t_~ has connectivity h - 1. Krol and Veldman [l] studied the 
family & of graphs G of order n s h + 1 satisfying: 
(i) G is critically h-connected and 
(ii) every vertex of G is adjacent to a vertex with degree h. They showed that 
the maximum graphs in this family had size 
a(n) = [+[k; - 2hk, + (2h - l)n]] 
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where 
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ifnfhmod2h, 
k, = 
-rr-1 ifn=hmod2h. 
Definesandrbyn=&h+r, lSr~2h,andletE,beOwhenl~r<handl 
when h s r =S 2h. It is not too difficult to show that k, = n - 2s - 1 - E, and that 
u(n) = 
n-2.s-l--E, 
2 > 
+ h(2s + 1 + E,) -s - 1. 
We now enlarge the family & to the family 9,,(h) by eliminating requirement 
(i) above and relaxing (ii) to 
(ii)’ every vertex of G is adjacent to a vertex with degree ah. The object of 
this note is to show that the size of the maximum members of the larger class 
Sfl = Sri(h) is the same as the size of the maximum members of the family &,, of 
Krol and Veldman. 
For n 3 h we construct a class of graphs Y& that we later show to be the set of 
maximum members of Sn. A graph G is in C$ iff: 
(i) the complete graph Kn--2~--1--E, is a subgraph of G, 
(ii) if Y E V(Kn--2r-,--t,) then u is adjacent, in G, to a vertex in M = 
V(G) - V(Kn--2r-i-t,)> 
(iii) all vertices of M, except for 1 - E, vertices, have degree 1 in (M); the 
exceptional vertex, if it exists, has degree 2 in (M), 
(iv) all vertices in M have degree h in G. 
It is easy to verify that 0 # ‘Z$ L Sn and that if G E ‘& then [E(G)1 = a(n). 
If G is a l-regular graph then G has a subgraph with minimum degree 1 iff the 
subgraph is required to have even order. However, if 6(G) 3 1 but G is not 
l-regular, more can be said; we will use the following result later. 
Lemma. Zf 6(G) 2 1 but G is not l-regular then for all q, 2 c q s n, G contains a 
subgraph H of order q for which 6(H) 3 1. 
Proof. We describe an algorithm that ends iff such an H is generated. 
A maximum spanning forest F of G contains a component A that has at least 
three vertices. If a has order q or larger, recursively remove end vertices from A 
until the algorithm ends. If A has order less than q let B, be a component of F 
different from A and recursively remove end vertices from B, until either the 
algorithm ends or all but two of the vertices of Bi have been removed. In the 
latter case remove an end vertex, V, say, from A and then, if the algorithm has not 
ended, restore the vertex u to A and delete the remaining two vertices of Bi. 
Continue this process with the remaining components B, of F different from A. 
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Since each step of the algorithm generates a subgraph of G without isolated 
vertices and with order decreased by 1, the algorithm must terminate in a desired 
graph H. •i 
If h = 1 and G E 9n it is clear, after a moment of reflection, that G is the 
l-regular graph of order n (so that n must be even). If G is a maximum member 
of .?$n and n <h + 1 then obviously G = K,, and it is easy to see that every 
maximum member of shrh+* is obtained from Khcz by deleting two edges. 
Theorem. Given the positive integer h 2 2, let G be a graph, of order n Z= 
max(h + 3, S), in which each vertex is adjacent to a vertex of M = {v E 
V(G) 1 d(v) 6 h}. Then 
n-a-l-e, 
IE(G)I~( 2 )+h@s+l+E,)-s-l, 
wheresandraredefinedbyn=2sh+r, lSrS2h,ande,isOwhenlcr<hand 
1 when h =S r s 2h. The inequality is best possible; the extremal graphs are precisely 
the members of S,,. 
Proof. Define M = {v E V(G) 1 d(v) s h} and set m = (MI. Then 6((M)) 2 1 so 
that 
IE((M))I am+ 
where E,,, is 0 if m is even and 1 if m is odd. Since each vertex of V(G) - M is 
adjacent to a vertex of M we have 
IV(G) -MI = n -m chm-2IE((M))I6hm-m-e, 
which gives 
n + E, 
mS-----= 
r + E, 
h 
2.s+- 
h 
so that 
Now we construct a subgraph H of (M) in accordance with the previous 
lemma. 
(i) If 16 r < h and (M) is not l-regular, we may choose H to have order 
2,s + 1 and size at least s + 1. 
(ii) If 1 s r < h and (M) is l-regular then, since m is even, m 3 2s + 2 so that 
we may choose H to have order 2s + 2 and size s + 1. 
(iii) If h c r c 2h then m 2 2s + 2 so that we may choose H to have order 
2.r + 2 and size at least s + 1. 
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We bound the size of G by first bounding the number of edges not incident 
with a vertex of H and then bounding the number of edges incident with at least 
just one vertex of H. In case (i) we obtain 
and in cases (ii) and (iii), 
Now 
r-T21 +h(2.r+2)-s-lS K1) +h(2S+1)-s-2 
unless n S 2,s + h + 2, i.e., (h - 1)(2s - 1) + r s 3. But, since h 3 3 and n 3 h + 3 
when s = 0, this last inequality is satisfied only when h = 3 and s = r = 1 or 
h = 2, s = 1 and r = 2 or h = 2 and s = r = 1 so that n = 7, 6 or 5, respectively. 
Thus for all r, 1 c r ~2h, IE(G)I sa(n) and, since G is a subgraph of Y$, 
equality is achieved iff H = M and G - V(M) is complete, i.e., G = Sn. 0 
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